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NONSTEADY HEAT TRANSFER FROM A CYLINDER 

WITH INJECTION 

Yu. I. Babenko UDC 536.24.02:517.9 

The problem of nonsteady heat transfer from a cylinder in the presence of radial 
injection is analyzed. The heat flux at the surface of the cylinder is found from 
the assigned variation in the surface temperature by the method of[l]. 

The nonsteady heat transfer from a cylinder to an infinite external medium in the pres- 
ence of radial injection is described by the problem 

( ;) 0 0 2 1 - - P e  . , 0  T - - 0 ,  
OT 0p z p 

1 ~ p <  oo, 0<~< oo, (I) 

Tlp=l = Tt (~); Tlp=| 0; T[~=0 = 0, 

= RZt/a; p = r / R ;  P e = u R / a .  

The t e m p e r a t u r e  g r a d i e n t  q ,  = (@T/@p)p=~ a t  t h e  s u r f a c e  o f  t h e  c y l i n d e r  i s  t o  be  d e t e r -  
mined. 

Despite the apparent simplicity of the problem, a solution by the operational method is 
very laborious, since the Laplace transform of the solution has the form 

$'i = Pe/2 -i- F-P Kp~/, ()/p) K7~,,2 (I/p--) 
(K is the MacDonald function and p is the parameter of the Laplace transform), and the primi- 
tive function is expressed through a complicated integral of special functions, even for the 
simplest case of Pe = 0 (see [2]). 

Therefore, we carry out the solution following the method presented in [i], where a simi- 
lar problem is analyzed for the equation 

0p'-- ~ ~ -I- ?(P, T) 'i r ---- 0 (2) 

(the difference is only in the notation). 

The solution of the problem (i) is expressed in the form of a series with respect to the 
derivative of the half-integral index of the assigned surface temperature T: (T) : 

- - q l ( ~ ) =  a,~(1) D ~ Tt(~ ). (3) 
n = 0  

Here  t he  o p e r a t o r  f o r  t h e  f r a c t i o n a l  d e r i v a t i v e  o f  o r d e r  v i s  d e f i n e d  by t h e  e x p r e s s i o n  

1 d f ( ~ -  z)-vTt(z)dz' v < l ,  (4) D v T  i ( T ) =  F ( l - - v )  " 'd~ . 
0 
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while the quantities an(1 ) = ~n(p)0= * are found from the system of recurrent equations 

a 0= I, ai=(l--Pe)/2P, 

2a z = (Pc 2 -  1)/4p 2, 

2a3 = , 

= a ; .  

2a~ = a~ - -  a ~  - -  azav 

�9 �9 �9 �9 �9 �9 �9 �9 �9 * �9 �9 �9 

n - ' - 4  

(5) 

k = 0  

�9 �9 �9 * �9 . ~ �9 �9 o �9 �9 

The prime denotes a derivative with respect to p. 

The system (5) can be reduced to the algebraic substitution a n = AnP -n. For the deter- 
mination of A n = a n of (i) we obtain the system 

A o= 1, Ai=(l--Pe)/2, 
2 A  2 = (Pe 2 -  1 ) / 4 ,  

2 A  3 = - -  2A2,  

2A~ = - -  3A~ - -  A ~ ,  ( 6 )  

2 A  5 = - -  4 A ,  - -  A ,A2  - -  A2As, 

�9 �9 �9 �9 �9 �9 �9 �9 �9 �9 o �9 ~ 

n . . . , - 4  

2A,,  = - - ( n - -  1) A n _ l - -  ~ A,~_z_~,Az+h. 
k=0 

The solution of the stated problem is given by Eqs. (3), (4), and (6). 

Let us investigate the convergence of the series (3). It should be noted that the prob- 
lem (i) is "unfavorable" for the use of the method of [I], since the successive derivatives 
of the function (i- Pe)/2p grow too rapidly�9 In this case the sufficient condition for con- 
vergence of the series (3) obtained in [3] is not satisfied. 

Remark. In order to use the condition of [3], one must first convert Eq. (i) into the 
equation of [3] using the obvious substitutions, where one must set y = (Pc 2 -- l)/4p. 

Nevertheless, we can see that in many cases (3) is an absolutely converging series. 

From the definition (4), using the mean-value theorem, one can obtain the estimate 

O 2 " T i ( x ) ~ r  -1 x ---f-supT I, n ~ l .  (7) 

Consequently, the absolute convergence of the series (3) for all z requires the condi- 
tion 

If Pe 2 < I then all the terms on the right sides of Eqs. (6) have the same signs. It is seen 
that A n grow faster than F(n), the condition (8) is not satisfied, and the series (3) diverges 
for all T > 0. One can show that it is an asymptotic series and is suitable for calculations 
with small enough T. For Pe = 0, for example, 

(D1/2.r 1 1 O_n/2 4_ 1. D_I__ - - 2 5  D,3/2+ 
' 2 8 ' 8 128 

+ 3213 D_Z__ 1073102......~ D-5/2 ' 10332 0-3-- " "'), TI(T)" 

Four terms of this series for T, = const are presented in [2]�9 
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into the analysis. 
ing A~ by z 2, etc. 
S: 

The error of the calculation does not exceed the first discarded term in absolute value 
and has the sign of the last retained term. 

If Pe 2 > i, then the signs of the individual terms on the right sides of Eqs. (6) are 
different and the investigation of the behavior of A n is more complicated. We introduce the 
generating function 

S= ~ Az+k~ (9) 
k = 0  

We multiply the line of the system (6) defining An by z, the line defin- 
Adding the lines (starting with A2), we obtain an equation determining 

dS _ SZ _+. 2 2 S + -  
dz z z z z ~. 

SIz=o = N/2;  N = (Pe a - -  1)/4. 
(lO) 

The solution of 

S = - -  - - . I  du ..... , zZu " + 2 ( 1 -  z) u' + Nu = O, 
u dz 

where the function u is represented by the power series 

u =  ~ b,~z ~, b o = I ,  b~=--N/2, 
n=0 (12) 

b~+t=  n ( n - - 1 ) - - N  b,,. 
2 (n -+- 1) 

In the general case the series (12) diverges. For N = n(n -- I) (n is an integer) the series 
terminates and the solution of Eq. (i0) has the form of a linear-fractional function, from 
which it follows that the series (9) has a finite radius of convergence. Therefore, the con- 
dition (8) is satisfied and the series (3) converges absolutely for all T > 0 for the indi- 
cated N. This corresponds to Pe= 2k + I, • = 0, i, 2, .... Thus, the absolute convergence 
of the series (3) is established for all odd values of IPe]. 

The question of the convergence for the general case of Pe 2 > i remains open. 

Let us write the solution for some particular cases, using Eq. (4) to perform the sum- 
ma t ion: 

(i0) can be expressed through the solution of the second-order linear equation 

(11) 

P c = l ;  - - q i ( T ) = D  t / e T i ( x  ), 

P e n - - l ;  - - q i ( x ) = ( D  I/2 + l) T i ( x ) ,  

l - - r l  d i i D 1 / 2 T , ( z ) _ T i ( z ) ] e , _ z d z ,  P e n 3 ;  - - q i ( x )  = ( - - 1 ) " D  2 T l ( , c ) =  
n = 0  

0 

P e =  5; - -  qt ('r.) = (D 1/2 _ 2 +  3D -112 - -  3D -I) T t (z) + (9D -2 - -  27D -~I2  + 

oo 

+ 54D-3 - -  8 1 D - 7 / ~ + 8 1 D - ~ )  X (--1)"  3ZnD -an T i (x) = 
n = 0  

= (D I/2 - - 2  + 3D -1 /2  __ 3D-1) Tt (z) + (3D - z -  9D -5 /~  + 18D -a - -  

e -ar ~- 2e 3c~-z)/2 cos 3 V32 ( x - -  z) T t (z) dz. 

o 

Let us obtain the asymptotic form of Eq. (3) as ]Pc I -> ~. For this we retain the terms 
with the leading power of N in each line of the system (8). Then (3) is rewritten in the 
form 
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- -  qi  (*)  - 

1 

n = 0  

Pe N. ~ -  } T t (T)+ D2  " T , ( z ) +  

(--I) n N" D-" T, (~) = -- - -  

1 d 
X [exp (Pe ~ x14) T, (x)] + -- - -  

2 dz 

Pe 
T, (x) + exp (-- Pe 2 "t/4) D 1/~ x 

T 

- -  j '  exp I--  Pe 2 (x - -  z)/4] T i (z) dz. 

0 

From this one can obtain the well-known steady solution as T § =: 

- -  q i  ( O O )  = ' - -  2 

The problem analyzed seems important to us in a mathematical respect for the following 
reason. It was shown that finding the terms of the series (3) comes down to the performance 
of the algebraic operations (6) only. The solution can be reduced to algebraic operations 
similarly in the case when a = const while 8 and y are finite polynomials of the functions 
p, p-*, and exp (const-p) in the general equation (2). 

NOTATION 

An, an, constants and functions entering into the solution; a, thermal diffusivity; bn, 
coefficient in the solution of the auxiliary equation; D ~, fractional differentiation sign; 
K, MacDonald function; N, function of Pe; Pe, Peclet number; R, radius of cylinder; p, param- 
eter of the Laplace transform; q,, temperature gradient at surface of cylinder; r, radial 
coordinate; S, generating function; T, temperature; T,, surface temperature of cylinder; t, 
time; u, velocity of liquid stream at surface of cylinder; z, variable in generating func- 
tion and integration variable; a, 8, Y, coefficients of general equation of heat conduction; 
p, dimensionless radial coordinate; T, dimensionless time; n, k, 9, indices and exponents. 
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